UPPSALA UNIVERSITY ASSIGNMENT
Department of Mathematics PhD course, HT26
Sascha Troscheit Problem Sheet 1
Geometric Measure Theory
Due: 23 October 2026, 23:59

The total amount of points available on this sheet is 100 points, divided equally into four themes.
You may use the results proved through Lecture 5. State clearly which result you use and check
its hypotheses. Unless a different metric is specified, all sets carry the Euclidean metric.

Submit handwritten (scanned) or typeset solutions by email to sascha.troscheit@math.uu.se
or leave them in my pigeonhole by the due date/time.

Question 1: Hausdorff measure and Frostman measures.

a) Let A CR™ and B C R" be non-empty compact sets. Prove that
dimy (A x B) > dimy A 4 dimyg B.
Construct non-empty compact sets A, B C [0, 1] such that
dimyg A = dimyg B = 0, dimg(A x B) = 1.

(7p)
b) Let C' be the middle-third Cantor set, s = log2/log3, and let E, be the set of left
endpoints of the 2" level-n construction intervals of C. For 7 > 1 put

W, ={zeC:|x—e| <3 7" for some e € E,, for infinitely many n}.

Show that dimg W, < s/7 and that dimp W, = dimgW, = dimgW, = s. (8p)
c¢) Show that dimyg W, = s/7. (10p)
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Question 2: Coverings, density, and regularity.

a)

c)

For p > 0, let

oo

F, = ([0,1] x {0 u |J ({1/n} x [0,n77]).

n=2

Show that F}, is countably 1-rectifiable. Determine for which p it has finite length and for
which p it is Ahlfors 1-regular. Compute

1
i P 0 B(0,7))
rl0 2r

in [0, 00]. For p > 1, explain why the behaviour at the origin is compatible with density
one almost everywhere. (10p)

Let E C R? be non-empty and bounded. Suppose there are 0 < 6 < 1 and ro > 0 such
that every ball B(z,r) with x € E and 0 < r < r¢ contains a ball of radius r disjoint
from E. Prove that dimgFE < d.

Hint. Find a fixed integer k such that every sufficiently small dyadic cube has a descendant
k levels below it disjoint from E. (5p)

Let 0 < s < 1. Construct a compact set E C [0,1] such that

0 < H(E) < o0, D?°(E,x) =0 forevery x € E.

(10p)

Question 3: Box and packing dimensions.

a)

Parallel sets. Let C' C [0, 1] be the middle-third Cantor set, put s = log2/log 3, and for
r > 0 define
C, ={x e R:dist(z,C) <r}.

Find the exact value of Ll(CT) when 3~ (1) < 2r < 37", where n > 0 is an integer.
Determine

liminfr*~*£Y(C,) and limsupr*~'£Y(C,),
rl0 r]0

and prove that these two constants are distinct. (4p)



b) Holder maps. Let A C R™ and let f: A — R? satisfy |f(z) — f(y)| < L|lz — y|* for all
z,y € A, where 0 < o <1and L > 0.

(i) If A is non-empty and bounded, prove that

dimp f(4) < o 'dimgA4,  dimpf(4) < o 'dimpA.

(ii) Prove that dimp f(A) < a~!dimp A for arbitrary A.

(iii) Sharpness: let C' be the middle-third Cantor set and let © be the probability measure
on C giving each level-n construction interval mass 27". Set s = log2/log3 and

o(z) = p(]0,z]) for z € C.

Show that ¢ is s-H6lder and maps C' onto [0, 1]. Deduce that all three dimension
bounds are sharp when o = s.

(5p)
c) Let ¢(z) = dist(z,Z), let 0 < oo < 8 < 1, and let (ax)r>0 be sequence such that

k41
ak

278 < <92 o (k> 0).

Put
oo
= arp(2x)
k=0

and let T' = {(z, f(x )) € [0,1]} € R? be the graph of f over [0, 1]. Show that for every
dyadic interval I = [p27", (p+1)27"] C [0, 1]

Fay < sgpf —inf f <cay,

where ¢ depends only on « and S. (7p)
d) for the function in (c), prove that

log,(1/ay, - . log,y(1/an
dimg T = 2 — lim sup 1085(1/@n)  FmaT = dimp T = 2 — lim inf 282(1/9)
n—300 n n—o00 n
For ao < 3, choose (ay) such that dimgI' <2 - <2 —a=dimpT. (9p)

Question 4: Assouad dimension, lower dimension, and regularity.

a) For F C R? with at least two points, the lower dimension of E is

dimy, E = sup {s >0 there exists ¢ > 0 such that, for every x € E }

and 0 <r < R<diamE, N.(ENB(z,R))>c(R/r)°
and dimy, F = 0 if F has at most one point. Prove that dimj, ¥ < dimg F for every closed

set E C R?. Show that this inequality fails for £ = QN [0,1], and that lower dimension
is not monotone, even on compact sets. (9p)

3 Turn the page.



b) Show that a compact Ahlfors s-regular set F C R? satisfies dimy, F = s. Conversely,

construct a compact set £ C R with 0 < dimp, E = dima F that is not Ahlfors regular
for any exponent. (10p)

Below is an Al generated proof that shows that the Assouad dimension is Lipschitz stable
(which it is not). Find the flaw in the reasoning. Under what additional hypotheses would
the statement hold? (6p)

Claim. Let E C R™ be non-empty and bounded, and let f: F — R? be L-Lipschitz, with
L > 0. Then dima f(F) < dima F.

Proof. Let s > dimp E, and choose C' > 1 with N,(E N B(z,b)) < C(b/a)® for all x € E
and 0<a<b. Fixye f(E)and 0<r < R,and put A={x € E: f(z) € B(y,R)}, so
that f(FE)N B(y, R) = f(A).

Step 1. Let « € E. Cover ENB(x, R/L) by at most C(2R/r)® open balls of radius r/(2L).
Discard the balls that miss E, and replace each remaining ball by the ball of radius r/L
about a point of F in it. The new balls still cover EN B(x, R/L), and f maps the part of
F in each of them into a ball of radius r. Hence

N, (f(En Bz, R/L))) < 2°C(R/r)".

Step 2. Since A is bounded, it contains a maximal finite set {z1,...,2p} of points
pairwise at distance at least R/L. By maximality, the balls B(x;, R/L) cover A. The
balls B(z;, R/(2L)) are pairwise disjoint and centred in A, so they form a packing of A.
Since f is L-Lipschitz, it maps E N B(x;, R/(2L)) into B(f(x;), R/2). Thus f carries
this packing of A to the packing {B(f(z;),R/2)}, of f(A), and M < Mg/s(f(A)).
Every ball B(f(x;),R/2) lies in B(y,3R/2), and comparing Lebesgue measure gives
Mg/ (f(A)) < 39, Hence M < 39,

Step 3. By Steps 1 and 2,
M

N (f(E)NB(y. R)) <Y N, (f(EN B(x;, R/L))) < 3'2°C(R/r)°.

i=1

This bound is uniform in y € f(F) and 0 < r < R, so dima f(F) < s. Letting s | dimpa F
proves the claim.



