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Intermediate dimensions

@ Box dimension: cover a set with balls of the same size.

o Hausdorff dimension: sets in the cover can have different sizes:
o Intermediate dimensions (Falconer, Fraser and Kempton, '20) for 6 € (0, 1):

dimgF = inf{s > 0: for all € > 0 there exists dp € (0,1] such that for all
0 € (0,dp) there exists a cover {Uy, Ua, ...} of F such

that 6'/% < |Uj[< 6 for all i, and > |Ui[*< €}
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Bedford-McMullen carpets

Divide a square into an m x n grid, 2 < m < n.

Amlan Banaji  (University of St Andrews) Bedford—-McMullen carpets May 11, 2022


https://amlan-banaji.github.io/

Bedford-McMullen carpets

Divide a square into an m x n grid, 2 < m < n.

Amlan Banaji (University of St Andrews) Bedford—-McMullen carpets May 11, 2022 3/10


https://amlan-banaji.github.io/

Bedf ullen carpets

Divide a square into an m x n grid, 2 < m < n.

Amlan Banaji (University of St Andrews) Bedford—-McMullen carpets May 11, 2022


https://amlan-banaji.github.io/

Bedford-McMullen carpets

Divide a square into an m x n grid, 2 < m < n.
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Hausdorff and box dimensions

Figure: Three different Bedford—McMullen carpets, by Jonathan Fraser

Bedford ('84) and McMullen ('84) independently calculated their Hausdorff and

box dimensions.
Throughout, we assume that A has non-uniform vertical fibres, or equivalently

that dimg A < dimp A.
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Graph of the intermediate dimensions

dimg A =~ 1.37

== dimy A =~ 1.35

==_ = 0 5

Figure: Here, v := log n/log m

Proof involves constructing a cover using an increasing number of scales as § — 0.
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Intermediate dimensions of Bedford—McMullen carpets

@ Phase transitions at negative
integer powers of log n/log m.

dimg A = 1.37

@ Real analytic and strictly concave
between phase transitions

Strictly increasing

@ Right derivative tends to oo as
0—0

o Continuous for 6 € [0, 1]
(Falconer—Fraser—Kempton, '20)

dimy A ~ 1.35

o
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2
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Different possible shapes of the graph

dimBA1

dimgA,
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Different possible shapes of the graph
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Different possible shapes of the graph

dimgA;
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Multifractal analysis

@ Let v be the uniform Bernoulli measure supported on a Bedford—McMullen
carpet, satisfying

) for all Borel sets A C R2.

2 \

N
where N is the total number of contractions.
@ Jordan and Rams ('11) computed the multifractal spectrum of v,
f,(a) == dimg{x € suppv : dimy.(v, x) = a},

building on work of King ('95).

Theorem (B.—Kolossvary, '21+)

If A, N’ are Bedford—McMullen carpets with non-uniform vertical fibres, then the
intermediate dimensions are equal for all § if and only if the corresponding uniform
Bernoulli measures have the same multifractal spectra.
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Bi-Lipschitz equivalence

If f: A — N is bi-Lipschitz then dimy A = dimgy A’ for all 6.

If carpets A and A’ with non-uniform vertical fibres are bi-Lipschitz equivalent
then their uniform Bernoulli measures have the same multifractal spectra.

This improves a result of Rao, Yang and Zhang ('21+).
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Thank you for listening!

Please see my poster for more details and to ask any questions!
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